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Abstract
We propose a new mixed formulation of the Stokes problem where the extra stress tensor
is considered. Based on such a formulation, a mixed finite element is constructed and
analyzed. This new finite element has properties analogous to the finite volume methods,
namely, the local conservation of the momentum and the mass. Optimal error estimates
are derived. For the numerical implementation of this finite element, a hybrid form is
presented. This work is a first step towards the treatment of viscoelastic fluid flows by
mixed finite element methods.
 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
In this paper, we propose and analyze a new mixed formulation for the
numerical solution of Stokes’ problem. This new formulation is based on the so-
called Oldroyd version of Stokes’ problem (see [4]). More precisely, we consider
a viscoelastic fluid flow in a bounded open domain Ω in R2 with Lipschitzian
boundary Γ . We use the following notations: u, velocity vector; p, pressure;
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∇u, gradient velocity tensor; d(u) = (1/2)(∇u + ∇ut ), rate of strain tensor;
ω= ω(u)= (1/2)(∇u−∇ut ), vorticity tensor; σtot, stress tensor; f , body force;
divσ , divergence of a tensor.
Assuming the stationary and creeping flow hypotheses, the basic set of
equations of the Oldroyd-B model is given by (see, e.g., [5])
−divσtot = f,
σtot = σ + σN − pI with I = δij (identity tensor),
σ + λ(u · ∇)σ + λga(σ,∇u)− 2αd(u)= 0,
where λ and 0 < α < 1 are respectively the Weissenberg number and the viscosity
ratio constant. The tensors σ and σN are respectively the non-Newtonian and
Newtonian part of the extra stress tensor σtot + pI , σN is defined by: σN =
2(1− α)d(u). ga(· , ·) is a bilinear application defined by
ga(σ,∇u)= σω−ωσ − a
(
d(u)σ + σd(u)), −1 a  1.
We add the incompressibility condition divu= 0 and we assume that u= 0 on Γ .
It is well known that a numerical method for a viscoelastic fluid (λ > 0) must
be able to handle the case λ = 0. In this case we obtain the Oldroyd version of
Stokes’ problem:
σ − 2αd(u)= 0 in Ω,
−divσ − 2(1− α)divd(u)+∇p = f in Ω,
divu= 0 in Ω,
u= 0 on Γ. (1)
The numerical analysis of problem (1) has been made in [4]. In particular, it is
proved in there that finite element approximations of this problem converge if the
classical Babuska–Brezzi condition on (u,p) is satisfied.
The main purpose of this paper is to study a new mixed formulation of
problem (1) where the Newtonian part σN of the extra stress tensor is introduced
as a new unknown. This means that problem (1) is reformulated as
σ = 2αd(u) in Ω,
σN = 2(1− α)d(u) in Ω,
div(σN + σ −pI)+ f = 0 in Ω,
divu= 0 in Ω,
u= 0 on Γ. (2)
Remark 1.1. The homogeneous Dirichlet boundary conditions are taken for the
sake of simplicity. Natural boundary conditions could be considered owing to the
introduction of the rate of strain tensor in (2).
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Based on such a formulation and on one of the mixed finite elements that
we have presented in [11], we will construct a new mixed finite element for
problem (2). More precisely, the approximation of σ will be symmetric and
piecewise linear. The approximation of p, respectively u, will be piecewise linear,
respectively piecewise constant. To approximate σN , we will use the piecewise
linear approximation augmented by the curl of the “bubble function” and such
that the normal trace of the tensor σtot = σ + σN − pI is continuous across
interelement edges of the triangulation Th (Th is a triangulation of Ω into closed
triangles). Observe that the approximation of the tensor σtot will not be symmetric.
In fact, we relax the symmetry of this tensor by a Lagrange multiplier ω as in the
treatment of the PEERS element by Arnold et al. [2]. The Lagrange multiplier
ω is nothing else than the rotation, and its approximation will be piecewise
linear.
Following Arnold and Brezzi [1], the continuity of the normal trace of σtot
across interelement edges of the triangulation will be introduced by using a
Lagrange multiplier λh. The Lagrange multiplier λh is an approximation of the
trace of the velocity on the edges of the triangulation. This technique enables
us to eliminate the approximations of σtot, u and ω at the element level and
leads to a linear system which involves only the Lagrange multiplier λh and
pressure as degrees of freedom (see Section 4 for more details). This is not the
case of the PEERS element since the approximation of ω is continuous. On
the other hand, it should be clear that the method proposed here is well suited
for the treatment of viscoelastic fluid flows by mixed finite element methods.
Naturally, some upwinding is needed for the convection of σ . It could be done
by using the method of Lesint–Raviart [14]. Moreover, this finite element has
local conservation properties (conservation of the mass and the momentum) as in
the finite volume methods. The analysis and the error estimates for this new finite
element will be presented. Finally, for the numerical implementation of this finite
element, a hybrid form will be presented and discussed.
It should be noted that a finite element approximation of problem (1), where
d(u) is introduced as an additional unknown, has been proposed and analyzed
by Fortin et al. [12]. However, their formulation is different from the one
considered in this paper. The advantages of our formulation are two-fold: by
introducing the tensor σN + σ − pI , we have the local (i.e., at element level)
conservation of the momentum plus the local conservation of the mass; owing to
the introduction of the Lagrange multiplier λh (see Section 4), the linear algebraic
system which needs to be solved involves only this Lagrange multiplier and the
pressure.
We close this introduction by pointing out that this work is a first step towards
the treatment of viscoelastic fluid flows by a mixed finite element method similar
to the one developed here.
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2. Mixed formulation
In order to derive the mixed formulation of problem (2), we define the
following spaces
Σ = {τ∼ = (τN , τ, q) ∈ [L2(Ω)]2×2 × [L2(Ω)]2×2s ×L20(Ω);
div(τN + τ − qI) ∈
[
L2(Ω)
]2}
, (3)
M = {v∼ = (v, η) ∈ [L2(Ω)]2 × [L2(Ω)]2×2; η+ ηt = 0}, (4)
where [L2(Ω)]2×2s denotes the space of symmetric tensors in [L2(Ω)]2×2, and
L20(Ω)=
{
q ∈L2(Ω);
∫
Ω
q dx = 0
}
.
The spaces Σ and M are equipped with the norms
‖ τ∼ ‖Σ =
(‖τN‖20,Ω + ‖τ‖20,Ω + ‖q‖20,Ω + ∥∥div(τN + τ − qI)∥∥20,Ω)1/2,
‖ v∼ ‖M =
(‖v‖20,Ω + ‖η‖20,Ω)1/2,
where ‖ · ‖0,Ω denotes the norm on L2(Ω)N , N is a positive integer. We also
denote by (· , ·) the scalar product on L2(Ω)N , and
(σ, τ )=
∫
Ω
σ : τ dx with σ : τ =
2∑
i,j=1
σij τij .
Now, from the equations σN = 2(1− α)d(u), σ = 2αd(u) and divu= 0, one
can write
1
2(1− α) (σN, τN)+
1
2α
(σ, τ )= (d(u), τN + τ )
= (d(u), τN + τ − qI)
= (∇u−ω,τN + τ − qI)
=−(div(τN + τ − qI),u)− (τN ,ω)
where ω = (1/2)(∇u−∇ut ) is the vorticity tensor and (τN , τ, q) is any element
of Σ .
Thus, the mixed formulation of problem (2) reads as follows: find σ∼ =
(σN ,σ,p) ∈Σ and u∼ = (u,ω) ∈M such that
1
2(1− α) (σN, τN)+
1
2α
(σ, τ )+ (div(τN + τ − qI),u)
+ (τN ,ω)= 0 ∀(τN , τ, q) ∈Σ,(
div(σN + σ − pI), v
)+ (σN ,η)+ (f, v)= 0 ∀(v, η) ∈M. (5)
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Remark 2.1. From the second equation of (5), we have (σN ,η) = 0 ∀η ∈
[L2(Ω)]2×2, η+ ηt = 0. This is nothing else than the relaxation of the symmetry
of σN by a Lagrange multiplier.
It is clear that if (σ,u,p) is the solution of problem (1) such that (2(1− α)×
d(u), σ,p) ∈ Σ , then ((σN ,σ,p); (u,ω)), with σN = 2(1 − α)d(u) and ω =
(1/2)(∇u − ∇ut ), is a solution of problem (5). The regularity asked here,
i.e., (2(1 − α)d(u), σ,p) ∈ Σ , is assured by the fact that if Γ is regular and
f ∈ [L2(Ω)]2 then the solution (u,p) of the Stokes problem lies in [H 2(Ω) ∩
H 10 (Ω)]2 × (H 1(Ω) ∩ L20(Ω)). The uniqueness of the solution of (5) is a con-
sequence of the following result on the inf–sup condition.
Proposition 2.1. There exists a positive constant β such that
inf
v∼∈M
sup
τ∼∈Σ
(div(τN + τ − qI), v)+ (τN ,η)
‖ v∼ ‖M‖ τ∼ ‖Σ
 β, (6)
where τ∼ = (τN , τ, q) and v∼ = (v, η).
Proof. Given (v, η) ∈M , we let τ 1 = d(z) := (∇z+∇zt )/2 where z ∈ [H 10 (Ω)]2
is the unique solution of(
d(z), d(w)
)=−(v,w) ∀w ∈ [H 10 (Ω)]2.
Then, we have divd(z)= v in Ω and (owing to Korn’s inequality) ‖d(z)‖0,Ω 
C‖v‖0,Ω . Thus, (τ 1,0,0) ∈Σ and ‖(τ 1,0,0)‖Σ  C‖v‖0,Ω . On the other hand,
(divτ 1, v)+ (τ 1, η)
‖(τ 1,0,0)‖Σ =
‖v‖20,Ω
‖(τ 1,0,0)‖Σ  C1‖v‖0,Ω . (7)
Now, since η+ ηT = 0, one can write η= θχ with θ ∈L2(Ω) and χ = [ 0 −11 0 ].
Let τ 2 = d(z)+ θχ , where z ∈ [H 10 (Ω)]2 is the unique solution of(
d(z), d(w)
)=−〈curlθ,w〉 ∀w ∈ [H 10 (Ω)]2.
Above, curlθ = (∂θ/∂x2,−∂θ/∂x1) and 〈· , ·〉H−1×H 10 .
Then, we have divτ 2 = divd(z) + div(θχ) = curlθ − curlθ = 0 and (ow-
ing to Korn’s inequality) ‖d(z)‖0,Ω  C‖θ‖0,Ω . Thus, (τ 2,0,0) ∈ Σ and
‖(τ 2,0,0)‖Σ  C‖η‖0,Ω . On the other hand,
(divτ 2, v)+ (τ 2, η)
‖(τ 2,0,0)‖Σ =
‖η‖20,Ω
‖(τ 2,0,0)‖Σ  C2‖η‖0,Ω. (8)
Finally, (6) is a consequence of (7) and (8). ✷
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Theorem 2.1. Let (σ,u,p) be the solution of problem (1) such that (2(1− α)×
d(u), σ,p) ∈ Σ . Then ((σN ,σ,p); (u,ω)), with σN = 2(1 − α)d(u) and ω =
(1/2)(∇u−∇ut ), is the unique solution of problem (5).
Proof. We have to prove the uniqueness of the solution of problem (5). To this
end, let σ∼ = (σN ,σ,p) ∈Σ and u∼= (u,ω) ∈M such that
1
2(1− α) (σN, τN)+
1
2α
(σ, τ )+ (div(τN + τ − qI),u)
+ (τN ,ω)= 0 ∀(τN , τ, q) ∈Σ,(
div(σN + σ − pI), v
)+ (σN ,η)= 0 ∀(v, η) ∈M. (9)
Taking τ∼ = σ∼ and v∼ = u∼ in (9), we obtain σN = 0 and σ = 0. Thus, the first
equation of (9) is reduced to(
div(τN + τ − qI),u
)+ (τN ,ω)= 0 ∀(τN , τ, q) ∈Σ.
Using the inf–sup condition (6) and this last equation, we obtain u= 0 and ω = 0.
It remains to prove that p = 0. First observe that the system (9) is reduced to
(div(pI), v) = 0 for all v ∈ [L2(Ω)]2. On the other hand, since div(σN + σ −
pI) ∈ [L2(Ω)]2, σN = 0 and σ = 0, we have p ∈ H 1(Ω) ∩ L20(Ω). Thus, the
equation (div(pI), v) = (∇p,v)= 0 for all v ∈ [L2(Ω)]2 implies p = 0 (at least
for Ω simply connected). ✷
3. Discrete problem and error analysis
Our aim now is to consider the discretization of problem (5). Let Th be a
triangulation of Ω into closed triangles (Γ is assumed to be polygonal). We
assume that the triangulation Th is regular in the sense of Ciarlet [8]. Let Pk(K)
denote the space of polynomials of degree less than or equal to k on K ∈ Th. We
set
R(K)= [P1(K)]2 + α curlbK,
where α is a constant, and bK the “bubble function” defined by bK(x)= λ1(x)×
λ2(x)λ3(x), with λ1, λ2, λ3, the barycentric coordinates in K .
We define the following finite-dimensional spaces:
Σh =
{
τh∼
= (τNh, τh, qh) ∈Σ; qh|K ∈ P1(K), τh|K ∈
[
P1(K)
]2×2
,
τNh|K ∈
[
R(K)
]2
, ∀K ∈ Th
}
, (10)
Mh =
{
vh∼
= (vh, ηh) ∈M; vh|K ∈
[
P0(K)
]2
, ηh = θhχ
with θh|K ∈ P1(K), ∀K ∈ Th
}
. (11)
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Remark 3.1. Spaces similar to the ones defined by (10) and (11) have been
introduced in [11] for the construction of a mixed finite element for the elasticity
and the Stokes problems. However, the mixed formulation of the Stokes problem
considered in [11] is different from the one presented here. The mixed formulation
proposed in this paper is more appropriate for the treatment of viscoelastic fluid
flows by mixed finite element methods. This will be developed in a forthcoming
paper.
Our finite element approximation of problem (5) is defined as follows: find
σh∼
= (σNh,σh,ph) ∈Σh and uh∼ = (uh,ωh) ∈Mh such that
1
2(1− α)(σNh, τNh)+
1
2α
(σh, τh)+
(
div(τNh + τh − qhI), uh
)
+ (τNh,ωh)= 0 ∀ τh∼ ∈Σh,(
div(σNh + σh − phI), vh
)+ (σNh, ηh)+ (f, vh)= 0 ∀vh∼ ∈Mh, (12)
where τh∼
= (τNh, τh, qh) and vh∼ = (vh, ηh).
In order to analyze the discrete problem (12) and prove error estimates, we
have to prove some intermediate results.
Proposition 3.1. There exists a constant α˜, independent of h, such that
1
2(1− α)(τNh, τNh)+
1
2α
(τh, τh) α˜
∥∥(τNh, τh, qh)∥∥2Σ,
∀(τNh, τh, qh) ∈ Vh, (13)
where
Vh =
{
(τNh, τh, qh) ∈Σh;
(
div(τNh + τh − qhI), vh
)
+ (τNh, ηh)= 0, ∀(vh, ηh) ∈Mh
}
. (14)
Proof. Although the proof of this result is similar to the one of Proposition 3.2
in [10], we include it for the sake of completeness. First, observe that for τ∼ ∈ Vh,
we have div(τNh + τh − qhI)= 0 and ‖ τ∼ ‖
2
Σ = ‖(τNh, τh, qh)‖2Σ = ‖τNh‖20,Ω +
‖τh‖20,Ω+‖qh‖20,Ω . Therefore, the problem is to show that if σ 1 = τNh+τh−qhI ,
divσ 1 = 0 and ∫Ω qh dx = 0, then ‖qh‖0,Ω  C‖τNh + τh‖0,Ω with C a constant
independent of h.
Now, let σ 2 = σ 1−LI withL= (1/2|Ω |) ∫
Ω
tr(τNh+τh) dx , where |Ω | is the
measure of Ω and tr(τ ) = τ11 + τ22. We have divσ 2 = 0 and
∫
Ω
tr(σ 2) dx = 0.
Therefore (see [3,7]), ‖σ 2‖0,Ω  C‖(σ 2)D‖0,Ω , where (σ 2)D = σ 2 − (1/2)×
tr(σ 2)I .
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On the one hand, (σ 2)D = τNh + τh − (1/2) tr(τNh + τh)I , and on the other
hand, ‖σ 1‖0,Ω  ‖σ 2‖0,Ω+‖LI‖0,Ω  C(‖τNh+τh‖0,Ω+‖ tr(τNh+τh)‖0,Ω+
‖LI‖0,Ω) since ‖σ 2‖0,Ω  C‖(σ 2)D‖0,Ω . Thus, ‖σ 1‖0,Ω  C‖τNh + τh‖0,Ω .
This last inequality, with the fact that ‖qh‖0,Ω  (1/
√
2 )(‖τNh + τh‖0,Ω +
‖σ 1‖0,Ω), gives us ‖qh‖0,Ω  C‖τNh + τh‖0,Ω , which is the desired result. ✷
For the next result, we need to precise some notation. We denote by
RT0(K)=
[
P0(K)
]2 + xP0(K), x = (x1, x2),
the lowest degree Raviart–Thomas element (cf. [15–17]).
Proposition 3.2. There exists a constant β˜, independent of h, such that
inf
vh∼
∈Mh
sup
τh∼
∈Σh
(div(τNh + τh − qhI), vh)+ (τh, ηh)
‖vh∼ ‖M‖ τh∼ ‖Σ
 β˜, (15)
where τh∼
= (τNh, τh, qh) and vh∼ = (vh, ηh).
Proof. Let (vh, ηh) = (vh, θhχ) ∈ Mh. It is well known (see [16]) that, for
ψh ∈ L2(Ω) with ψh|K ∈ P0(K) for all K ∈ Th, there exists wh ∈ H(div;Ω)
(i.e., wh ∈ {w ∈ [L2(Ω)]2; divw ∈ L2(Ω)}) such that wh|K ∈ RT0(K) for all
K ∈ Th, divwh = ψh in Ω and ‖wh‖0,Ω  C‖ψh‖0,Ω . Thus, there exists τˆh ∈
[H(div;Ω)]2 such that τˆh|K ∈ [RT0(K)]2 for all K ∈ Th, div τˆh = vh in Ω and
‖τˆh‖0,Ω  C‖vh‖0,Ω .
Let us set sh = (1/|Ω |)
∫
Ω
(θh − as(τˆh)) dx where |Ω | means area of Ω
and as(τ ) = τ21 − τ12. We have |sh|  C(‖θh‖0,Ω + ‖τˆh‖0,Ω)  C(‖θh‖0,Ω +
‖vh‖0,Ω).
Now, let us set γh = θh − as(τˆh) − sh, so that γh has mean value zero
on Ω . Thus, there exists w∗ ∈ [H 10 (Ω)]2 such that divw∗ = γh and ‖w∗‖1,Ω 
C‖γh‖0,Ω . Consequently, ‖w∗‖1,Ω  C(‖θh‖0,Ω + ‖vh‖0,Ω).
Using the fact that the discretization of the Stokes problem in primitive
variables (i.e., (u,p)) by [P2 ⊕ bK ]2 − P1 (i.e., the Crouzeix–Raviart element
P+2 − P1, see [9]) is stable, we get
wh ∈
{
v ∈ [H 10 (Ω)]2; v|K ∈ [P2(K)⊕RbK]2, ∀K ∈ Th},
such that (div(w∗ − wh),µh) = 0 for all µh ∈ {µ ∈ L20(Ω); µ|K ∈ P1(K),∀K ∈ Th} and ‖wh‖1,Ω C‖w∗‖1,Ω .
Let us set
τ ∗h = τˆh +
[
curlwh,1
curlwh,2
]
+ sh
2
χ
with wh = (wh,1,wh,2). Thus (τ ∗h ,0,0) ∈Σh and
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(divτ ∗h , vh)+ (τ ∗h , ηh)= (div τˆh, vh)+
(
as(τ ∗h ), θh
)
= (vh, vh)+
(
as(τˆh)+ divwh + sh, θh
)
= ‖vh‖20,Ω + (θh − γh + divwh, θh)
= ‖vh‖20,Ω + ‖θh‖20,Ω − (γh, θh)+ (divw∗, θh)
= ‖vh‖20,Ω + ‖θh‖20,Ω.
Therefore
(divτ ∗h , vh)+ (τ ∗h , ηh)
‖(τ ∗h ,0,0)‖Σ
 C
‖vh‖20,Ω + ‖θh‖20,Ω
‖vh‖0,Ω + ‖θh‖0,Ω .
This last inequality implies (15). ✷
Using Propositions 3.1 and 3.2, it is a matter of routine to show that
problem (12) has a unique solution (σh∼ , uh∼ ) ∈Σh ×Mh.
Proposition 3.3. There exists an operator
Πh :Σ ∩
([
Lr(Ω)
]2×2 × [Lr(Ω)]2×2
s
×Lr(Ω))→Σh,
(τN, τ, q) →Πh(τN , τ, q)= (τNh, τh, qh)
(r > 2) such that(
div
[
(τN + τ − qI)− (τNh + τh − qhI)
]
, vh
)
+ (τN − τNh, ηh)= 0 ∀(vh, ηh) ∈Mh. (16)
Further, for all τN ∈ [Hm(Ω)]2×2, τ ∈ [Hm(Ω)]2×2s , and q ∈Hm(Ω)∩L20(Ω),
m= 1,2, we have∥∥(τN , τ, q)−Πh(τN, τ, q)∥∥0,Ω  Chm(|τN |m,Ω + |τ |m,Ω + |q|m,Ω),
(17)
where C is a constant independent of h, and ‖(τN , τ, q)‖0,Ω = (‖τN‖20,Ω +
‖τ‖20,Ω + ‖q‖20,Ω)1/2.
Proof. Let (τN , τ, q) ∈Σ ∩ ([Lr(Ω)]2×2 × [Lr(Ω)]2×2s ×Lr(Ω)) and set qh =
ρhq where ρh is the L2-projection of L2(Ω) onto ∏K∈Th P1(K). We also set
τh = Phτ where Phτ is the L2-projection of τ onto [∏K∈Th P1(K)]2×2s . Now, we
define τ ∗h such that, for all K ∈ Th,
(τ ∗h + τh − qhI)|K ∈
[
P1(K)
]2×2
,∫
∂K
[
(τ ∗h + τh − qhI)− (τN + τ − qI)
]
n · p1 ds = 0
∀p1 ∈
[
P1(e)
]2
, ∀e ∈ ∂K, (18)
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where n= (n1, n2) denotes the unit outward normal to ∂K and the normal trace
τn= (τ11n1 + τ12n2, τ21n1 + τ22n2). Observe that τ ∗h + τh − qhI is nothing else
than the interpolant of τN +τ−qI in the lowest degree space of Brezzi–Douglas–
Marini [6].
Let s = (1/|Ω |) ∫
Ω
as(τN −τ ∗h ) dx and γ = as(τN −τ ∗h )− s. Thus, there exists
w ∈ [H 10 (Ω)]2 such that divw= γ and ‖w‖1,Ω  C‖γ ‖0,Ω C‖τN − τ ∗h‖0,Ω .
Using the fact that the discretization of the Stokes problem in primitive
variables by the Crouzeix–Raviart element is stable, we get
wh ∈
{
v ∈ [H 10 (Ω)]2; v|K ∈ [P2(K)⊕RbK]2, ∀K ∈ Th},
such that (div(w − wh),µh) = 0 for all µh ∈ {µ ∈ L20(Ω); µ|K ∈ P1(K),∀K ∈ Th}, and ‖wh‖1,Ω  C‖w‖1,Ω .
Finally, set Πh(τN , τ, q)= (τNh, τh, qh), where
τNh = τ ∗h +
[
curlwh,1
curlwh,2
]
+ s
2
χ
with wh = (wh,1,wh,2). We have Πh(τN , τ, q) ∈ Σh, div(τNh + τh − qhI) =
div(τ ∗h + τh − qhI) and as(τNh) = as(τ ∗h ) + divwh + s. Then, using all these
properties and (18), we get(
div
[
(τN + τ − qI)− (τNh + τh − qhI)
]
, vh
)+ (τN − τNh, ηh)
=
∑
K∈Th
∫
K
div
[
(τN + τ − qI)− (τ ∗h + τh − qhI)
] · vh dx
+ (τN − τNh, θhχ)
= (as(τN − τ ∗h )− divwh − s, θh)
= (γ − divwh, θh)=
(
div(w−wh), θh
)= 0.
Thus, (16) is proved.
It remains to prove (17). First, from the definition of Πh(τN , τ, q), we have∥∥(τN , τ, q)−Πh(τN , τ, q)∥∥0,Ω
 C
(‖τN − τ ∗h‖0,Ω + ‖τ − τh‖0,Ω + ‖q − qh‖0,Ω).
On the other hand,
‖τN − τ ∗h‖0,Ω 
∥∥(τN + τ − qI)− (τ ∗h + τh − qhI)∥∥0,Ω
+ ‖τ − τh‖0,Ω +
∥∥(q − qh)I∥∥0,Ω.
Thus, using these last estimates, the fact that τ ∗h + τh − qhI is the interpolant of
τN + τ − qI in the lowest degree space of Brezzi–Douglas–Marini [6], and the
standard error estimates on the operators ρh and Ph (cf. [13]), we get (17). ✷
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We are now in a position to establish optimal error estimates for problem (12).
In the following ((σN ,σ,p); (u,ω)) denotes the solution of problem (5) and
((σNh,σh,ph); (uh,ωh)) denotes the solution of problem (12).
Theorem 3.1. If (σN ,σ,p) ∈ [Hm(Ω)]2×2 × [Hm(Ω)]2×2 × Hm(Ω) and
(u,ω) ∈ [Hm(Ω)]2 × [Hm(Ω)]2×2, m = 1,2, then there exists a constant C,
independent of h, such that
‖σN − σNh‖0,Ω + ‖σ − σh‖0,Ω + ‖p− ph‖0,Ω
Chm
(|σN |m,Ω + |σ |m,Ω + |p|m,Ω + |ω|m,Ω), (19)∥∥P 0h u− uh∥∥0,Ω + ‖ω−ωh‖0,Ω
Chm
(|σN |m,Ω + |σ |m,Ω + |p|m,Ω + |ω|m,Ω), (20)
‖u− uh‖0,Ω Ch
(|σN |1,Ω + |σ |1,Ω + |p|1,Ω + |u|1,Ω + |ω|1,Ω), (21)
where P 0h denotes the L2-projection of [L2(Ω)]2 onto [
∏
K∈Th P0(K)]2.
Proof. Let (σ ∗Nh,σ ∗h ,p∗h)=Πh(σN,σ,p) and (u∗h,ω∗h)= (P 0h u,ρ1hω) be the L2-
orthogonal projection of (u,ω) onto the space Mh. Then, from the second equa-
tion of (5) and of (12), respectively, and (16), we have(
div
[(
σ ∗Nh + σ ∗h − p∗hI
)− (σNh + σh − phI)], vh)
+ (σ ∗Nh − σNh,ηh)= 0 ∀(vh, ηh) ∈Mh. (22)
On the other hand, by using the first equation of (5) and (12), respectively, and the
properties of the operator P 0h , we get, for all (τNh, τh, qh) ∈Σh,
1
2(1− α)(σN − σNh, τNh)+
1
2α
(σ − σh, τh)
+ (div(τNh + τh − qhI), u∗h − uh)+ (τNh,ω−ωh)= 0. (23)
This last relation and (22) yield
1
2(1− α)(σN − σNh,σ
∗
Nh − σNh)+
1
2α
(σ − σh,σ ∗h − σh)
+ (σ ∗Nh − σNh,ω−ωh)= 0
and then
1
2(1− α)(σ
∗
Nh − σNh,σ ∗Nh − σNh)+
1
2α
(σ ∗h − σh,σ ∗h − σh)
= 1
2(1− α)(σ
∗
Nh − σN,σ ∗Nh − σNh)+
1
2α
(σ ∗h − σ,σ ∗h − σh)
+ (σ ∗Nh − σNh,ω∗h −ω).
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Therefore, by Propositions 3.1 and 3.3 and the standard error estimates on the
operator ρ1h , we get
‖σ ∗Nh − σNh‖0,Ω + ‖σ ∗h − σh‖0,Ω + ‖p∗h − ph‖0,Ω
 Chm
(|σN |m,Ω + |σ |m,Ω + |p|m,Ω + |ω|m,Ω),
where C is a constant independent of h. Thus (19) follows from this last estimate,
(17) and the triangle inequality.
It remains to prove the error estimates (20) and (21). First observe that
from (23)(
div(τNh + τh − qhI), uh − u∗h
)+ (τNh,ωh −ω∗h)
= 1
2(1− α) (σN − σNh, τNh)+
1
2α
(σ − σh, τh)+ (τNh,ω−ω∗h),
for all (τNh, τh, qh) ∈Σh.
Thus, using this last relation and the inf–sup condition (15), we get∥∥uh − P 0h u∥∥0,Ω + ∥∥ωh − ρ1hω∥∥0,Ω
 C
(‖σN − σNh‖0,Ω + ‖σ − σh‖0,Ω + ∥∥ω− ρ1hω∥∥0,Ω), (24)
where C is a constant independent of h.
Finally, (20) is a consequence of (24), (19) and the standard error estimates
on ρ1h . While (21) is a consequence of (20), with m = 1, and the standard
estimation on P 0h . ✷
4. Hybrid form
In this section we discuss briefly the hybrid form of the discrete problem (12).
We shall relax the continuity of the normal components of (σNh + σh − phI) by
Lagrange multipliers λh. To this end, we require some further notation. Let Γh
denote the set of edges of triangles in Th, and set
Γ ∂h = {e ∈ Γh; e⊂ Γ }, Γ 0h = Γh \ Γ ∂h .
We define the following spaces
Σ̂h =
{
(τNh, τh, qh) | τNh|K ∈
[
R(K)
]2; τh|K ∈ [P1(K)]2×2s , ∀K ∈ Th,
qh ∈ L20(Ω)∩
∏
K∈ThP1(K)
}
, (25)
Λh =
{
µh ∈ L2(Γh); µh|e ∈ P1(e), ∀e ∈ Γ 0h , µh|e = 0, ∀e ∈ Γ ∂h
}
. (26)
The hybrid form of problem (12) reads as follows: find (σNh,σh,ph) ∈ Σ̂h,
(uh,ωh) ∈Mh and λh ∈ (Λh)2 such that
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1
2(1− α)(σNh, τNh)+
1
2α
(σh, τh)+
∑
K∈Th
∫
K
div(τNh + τh − qhI) · uh dx
−
∑
K∈Th
∫
∂K
(τNh + τh − qhI)n · λh ds
+ (τNh,ωh)= 0, ∀(τNh, τh, qh) ∈ Σ̂h,
∑
K∈Th
∫
K
div(σNh + σh − phI) · vh dx
+ (σNh, ηh)+ (f, vh)= 0, ∀(vh, ηh) ∈Mh,
∑
K∈Th
∫
∂K
(σNh + σh − phI)n ·µh ds = 0, ∀µh ∈ (Λh)2. (27)
Clearly, the components (σNh,σh,ph) and (uh,ωh) of (12) and (27) coincide.
The physical meaning of the new unknown λh is that of an approximation of u
along the interelement boundaries.
The algebraic equations generated by (27) are of the form

AN 0 0 Bt1 C
t
1 D
t
0 A 0 Bt2 C
t
2 0
0 0 0 Dt1 D
t
2 0
B1 B2 D1 0 0 0
C1 C2 D2 0 0 0
D 0 0 0 0 0




SN
S
P
U
Λ
R

=


0
0
0
F
0
0

 ,
where SN , S, P , U , Λ and R are the vectors for the degrees of freedom for σNh,
σh, ph, uh, λh and ωh, respectively.
In this last system, SN and S can be eliminated separately on each element
since the matrices AN and A are positively definite and block diagonal. Also,
U and R are eliminated, and static condensation is used to obtain the following
system
ÂΛ− Ĉ P =G,
Ĉ tΛ= 0,
where P is the constant part of P .
Hence, the resulting system is the standard form of the discrete Stokes equa-
tions.
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